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NASA TTF-10, 015 

THEORY OF NONLINEAR OSCILLATIONS I N  A 
COLLISIONLESS PLASMA 

L. M. A l ' t shu l ' ,  V. I. Karpman 

ABS TRACT 

A gene ra l  pe r tu rba t ion  theory f o r  nonl inear  o s c i l l a t i o n s  

i n  a c o l l i s i o n l e s s  plasma is developed which i s  no t  r e s t r i c t e d  

by any assumptions regarding t h e  randomness of t h e  phases.  

Summation of t h e  s e c u l a r  terms of t h e  p e r t u r b a t i o n  theory  

l eads  t o  equat ions  f o r  "slow" processes .  I n  t h e  case of s u f f i -  

c i e n t l y  broad wave packets ,  t h e s e  equat ions  change i n t o  t h e  

f a m i l i a r  equat ions  of t h e  q u a s i l i n e a r  theory  f o r  a weakly 

tu rbu len t  plasma. The converse l i m i t i n g  case -- t h e  develop- 

ment of a p e r i o d i c  wave i n  t h e  q u a s i l i n e a r  approximation -- 

is  i n v e s t i g a t e d  i n  d e t a i l .  

1. INTRODUCTION 

Nonlinear  o s c i l l a t i o n s  i n  a c o l l i s i o n l e s s  plasma, which are descr ibed  /515* 

by t h e  equat ions:  (1) 

* Note: Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  
fo re ign  t e x t .  

For  purposes of s i m p l i c i t y ,  w e  s h a l l  i n v e s t i g a t e  p o t e n t i a l  o s c i l l a t i o n s  
wi thout  a magnetic f i e l d ,  although a l l  t h e  r e s u l t s  can be  extended t o  
t h e  gene ra l  case without  any g rea t  d i f f i c u l t y .  



VE = 4n 2 ejNj 5 Pjdv (1.2) 
I 

(j - index i n d i c a t i n g  t h e  type  of p a r t i c l e s ) ,  have been i n v e s t i g a t e d  i n  sev- 

eral  s t u d i e s  [ s e e  t h e  a b s t r a c t  (Ref. 1, 2 ) ,  where a d e t a i l e d  b ib l iography i s  

presented  and a l s o  more r ecen t  a r t i c l e s  (Ref. 3-10)]. One d i s t i n g u i s h i n g  

f e a t u r e  of t h e  methods developed i n  these  s t u d i e s  is  t h e  u t i l i z a t i o n  of t h e  

so-ca l led  approximation of "random phases", s o  t h a t  t h e i r  r e s u l t s  are only 

a p p l i c a b l e  t o  a t u r b u l e n t  plasma,where t h e  width of t h e  wave packet  is q u i t e  

l a r g e .  I n  s e v e r a l  cases ( f o r  example, i n  a f i n i t e  plasma) t h e  problem 

arises of s tudying  t h e  dynamics of nonl inear  p e r i o d i c  waves which are charac- 

t e r i z e d  by t h e  d i s c r e t e  s e l e c t i o n  of wave numbers k. Natu ra l ly ,  i n  t h i s  

case t h e  approximation of random phases i s  n o t  app l i cab le .  

This  ar t ic le  examines t h e  general  p e r t u r b a t i o n  theory  f o r  p lasma o s c i l l a -  

t i o n s ,  which i s  no t  l i m i t e d  t o  assumptions regard ing  t h e  random n a t u r e  of t h e  

phases .  A formal expansion is  ca r r i ed  out  i n  powers of t h e  o s c i l l a t i o n  f i e l d ;  

then  t h e  o rde r s  of s e c u l a r  terms a r e  i s o l a t e d  and summed i n  gene ra l  per- 

t u r b a t i o n  theory series, s i m i l a r l y  t o  t h e  work of Van Hove (Ref. l l ) ,  Prigo- 

g i n e  (Ref. 1 2 ) ,  and Balescu (Ref. 13) i n  ob ta in ing  k i n e t i c  equat ions  f o r  

s l i g h t l y  nonidea l  systems. Summation of t h e  "main" o r d e r s  of s e c u l a r  terms 

l e a d s  t o  q u a s i l i n e a r  equat ions  which desc r ibe  t h e  reverse e f f e c t  of t h e  

o s c i l l a t i o n s  on t h e  d i s t r i b u t i o n  func t ion  of plasma p a r t i c l e s .  The appl ica-  

b i l i t y  of t h e s e  equat ions ,  however, i s  n o t  confined t o  

t h e  wave packet  width.  I f  t h i s  width i s  l a r g e  enough, 

condi t ions  regarding 

t h e s e  equat ions  change 
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i n t o  t h e  well-known equat ions of the q u a s i l i n e a r  theory  f o r  a s l i g h t l y  

tu rbu len t  plasma (Ref. 14,  15). I n  t h e  oppos i te ,  l i m i t i n g  case, equa- /516 

t i o n s  are obtained f o r  a "monochromatic'l wave. The s o l u t i o n  of t h e s e  

I equat ions ,  which i s  given i n  t h i s  a r t i c l e ,  desc r ibes the  development of 

t h e  plasma d i s t r i b u t i o n  func t ion  and t h e  f i e l d  of t h e  "monochromatic" 

wave, wi th  allowance f o r  t he  reverse  e f f e c t  of t h e  wave and t h e  d i s t r i b u -  

t i o n  func t ion .  

2 .  PERTURBATION THEORY. SUMMATION OF THE TERMS 

Following t h e  work of Landau (Ref. 1 6 ) ,  w e  s h a l l  look f o r  a s o l u t i o n  

f o r  equat ions  (1.1) and (1.2) wi th  t h e  i n i t i a l  condi t ion  ( 2 )  

F (0, r ,  v) = 2 FL (v) eikr = f (v) + g k  (v) eikr 
k* k#O 

(For purposes of b r e v i t y ,  t h e  index i n d i c a t i n g  t h e  type  of p a r t i c l e s  

omi t ted  from t h i s  po in t  on.) Expanding F ( t , r , v )  and E ( t , r )  i n  Four ie r  series: 

i s  

(2  2 )  F ( t , r , ~ ) = x F k ( t , V ) e ~ ' ~ ,  E(t ,  r ) = 2 E k ( t ) e i k r  
k k 

and applying the  Laplace t ransformation t o  terms dependent on t i m e  ( 3 ) .  . 
( 2 )  

( 3 )  
The normalized volume is  assumed t o  equal  un i ty .  

The corresponding terms i n  the Laplace r ep resen ta t ion  are a n a l y t i c  i n  
t h e  upper h a l f p l a n e  w, except poss ib ly  i n  a c e r t a i n  v i c i n i t y  of t h e  
a c t u a l  a x i s .  The inve r se  t ransformations have t h e  form 

. m+ib 
1 

E,(t)= Ek(w)e-jm' do, 6 > 0. 
2n - - m + i b  

It i s  a l s o  advantageous t o  keep i n  mind t h e  r e l a t i o n s h i p  of t h e  con- 
v o l u t i o n  : 

where i n t e g r a t i o n  i s  c a r r i e d  out  along l i n e s  l y i n g  i n  t h e  upper h a l f -  
p lane ,  s a t i s f y i n g  the  condi t ion I m  w > I m  w '  + I m  w". 

This  w i l l  be  designated by K. * 
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m m 

Fk(W,V)= Fk(t,V)eiotdt, E,(@)= 5 Ek(t)e'"'dt, 
0 0 

W e  o b t a i n  t h e  fol lowing i n t e g r a l  equat ion i n s t e a d  of (1 .1) :  

(2.3) 

I where FKo (v) is determined by t h e  i n i t i a l  condi t ions  (2.1).  I n  ob ta in ing  

(2 .4) ,  w e  employed t h e  r e l a t i o n s h i p  of convolut ion [see f o o t n o t e ( 3 ) ] .  

L e t  us expand t h e  s o l u t i o n  of equat ion (2.4) i n  power series of t h e  

f i e l d  E: 

where ~ K ( n ) ( u , v >  % E ~ ,  Bk % gk(v) .  

t i o n  [ s e e  (2.1)] .  

We employ f ( v >  f o r  t h e  zero  approxima- 

The f i r s t  approximation i s  given by t h e  r e l a t i o n s h i p  /517 

The fol lowing recur rence  formula f o r  F ~ ( ~ ) ( u , v )  i n  t h e  case of n >, 2 fo l lows  

from (2 .4) :  

By means of (2 .7) ,  (2 .6) ,  w e  o b t a i n  t h e  express ion  f o r  t h e  gene ra l  term 

of series (2.5) : 
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It is  p o s s i b l e  t o  provide a simple,  g raphic  r e p r e s e n t a t i o n  of t h e  g e n e r a l  

term, by in t roducing  i tsdiagrammatic  r e p r e s e n t a t i o n  (Figure 1). E K ~  (us) 

correspond t o  t h e  s o l i d  v e r t i c a l  l i n e s  i n  F igure  1. The h o r i z o n t a l  l i n e s  

des igna te  t h e  " l i n e s  of propagation' '  

--I [ o - k v - x  ( a i - k i v ) ]  ( O < s , ( n ) :  
i=l 

The i n t e g r o d i f f e r e n t i a l  ope ra to r  corresponds t o  t h e  s-apex 

The c i rc le  a t  t h e  r i g h t  term i n  Figure 1 expresses  t h e  func t ion  f ( v ) ,  and 

t h e  ver t ica l  dashed l i n e  a t  the  second term - t h e  func t ion  igK(v) .  The 

o r d e r  of the diagram is  determined by t h e  number of v e r t i c a l  l i n e s  ( inc luding  

t h e  dashed l i n e ) .  It can b e  seen from Figure 1 t h a t  t h e  term of each o rde r  

of t h e  p e r t u r b a t i o n  theory i n  t h e  d i s t r i b u t i o n  func t ion  c o n s i s t s  of two 

i n d i v i d u a l  p a r t s :  The p a r t s  depending on f ( v )  (with t h e  c i rc le  a t  t h e  r i g h t  

end of F igure  l), and t h e  p a r t s  dependent on gK(v) (with one dashed l i n e  a t  

1518 t h e  r i g h t  end of t h e  diagram). - 
L e t  us now examine equat ion  (1.2) f o r  t h e  wave f i e l d .  Taking i n t o  ac- 

count  (2 .2) ,  (2 .3) ,  (2 .5) ,  w e  can rewrite (1.2) i n  t h e  fol lowing form 
m 

kE,(o) = -4nieN 2 s F ~ ( " ) ( W ,  v)dv 
n=l 

( i n  o r d e r  t o  abbrev ia t e  t h e  formulas, w e  s h a l l  omit summation symbols cor- 

responding t o  types of p a r t i c l e s  from t h i s  po in t  on; r educ t ion  of t h e  
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Figure  1 

corresponding summation i n  t h e  f i n a l  formulas e n t a i l s  no d i f f i c u l t i e s ) .  

S u b s t i t u t i n g  FK(')(w,v) from (2.6) i n  t h e  f i r s t  approximation term i n  t h e  

r i g h t  p a r t  of (2.9) and combining the  terms which are l i n e a r  i n  E ,  w e  can 

rewrite (2.9) i n  t h e  fol lowing form 

k z  l Fk(")(W,V)dV, (2.10) 
4neN gk(v)dv 4nieN 

n=2 w - kv k2 Ek (OlEk ( 0 )  = Tk l 
where EK(W) i s  t h e  d i e l e c t r i c  constant  of t h e  plasma: 

(2.11) 

The second term i n  t h e  r i g h t  p a r t  of (2.10) desc r ibes  non l inea r  e f f e c t s .  

I f  w e  d i s r ega rd  i t ,  t h e  well-known equat ion f o r  t h e  ope ra t ion  f i e l d  i n  t h e  

l i n e a r  approximation obtained by Landau (Ref. 16)  i s  obta ined  

(2.12) 

(2.14) 

where EKo i s  t h e  o s c i l l a t i o n  amplitude which, as w a s  i n d i c a t e d  above, has  t h e  

same o rde r  of magnitude as t h e  i n i t i a l  p e r t u r b a t i o n  gK(v) ,  and % is  the  
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Figure 2 

complex o s c i l l a t i o n  frequency which is  t h e  r o o t  of t h e  d i s p e r s i o n  equat ion  

E ~ ( w )  = 0 wi th  t h e  l a r g e s t  imaginary p a r t .  

o t h e r  r o o t s  of t h e  d i s p e r s i o n  equat ion are omit ted i n  t h e  r i g h t  p a r t  of 

I519 - Terms corresponding t o  

(2 .2) ;  t h e s e  terms are exponent ia l ly  s m a l l  f o r  t + m .  W e  s h a l l  assume t h a t  

t h e  condi t ion  

Yk/mk < 4, (2.15) 

is f u l f i l l e d ,  wi thout  which the  r e s u l t s  presented  below are inapp l i cab le .  

I n  t h e  formal expansion of (2.5),  no t  a l l  of t h e  non l inea r  terms are 

a c t u a l l y  s m a l l  ( i n  t h e  sense  t h a t  they can become l a r g e  f o r  r a t h e r  l a r g e  t 

a f t e r  conversion t o  t h e  t - r ep resen ta t ion ) .  I n  order  t o  o b t a i n  t h e  c o r r e c t  

asymptot ic  behavior  f o r  l a r g e  t ,  such terms must be i s o l a t e d  and summed. 

I n s t e a d  of t h e  exac t  f i e l d  components EK (us) which s a t i s f y  equat ion  (2.10),  

l e t  us f i r s t  s u b s t i t u t e  t h e i r  values i n  t h e  l i n e a r  approximation (2.12) i n  

S 

t h e  express ion  f o r  t h e  gene ra l  term (2.8) ,  i n  o rde r  t o  c l a r i f y  t h e  " large" 

terms. 

t h e  Laplace r ep resen ta t ion ,  t h e  corresponding express ions  w i l l  have t h e  

L e t  us d i s r ega rd  t h e  imaginary p a r t s  of t h e  f requencies  WK . I n  
S 

fo l lowing  form: 

(2.16) 

0 where is  t h e  o s c i l l a t i o n  ampiitude i n  t h e  l i n e a r  approximation de te r -  

mined by equat ion  (2.13).  

can r e a d i l y  ca r ry  out  i n t e g r a t i o n  over  a l l  us i n  t h e  gene ra l  term ( 2 . 8 ) ,  

S 

Due t o  t h e  simple form of 9( (us) i n  (2.16),  w e  
S 
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as a r e s u l t  of which t h e  q u a n t i t i e s  us are rep laced  by wkoy and EK (us> i s  

replaced by ko. 
S S 

S 

We should now no te  t h a t  among t h e  d i f f e r e n t  diagrams i n  t h e  sum with  

r e spec t  t o  ks i n  F igure  1, t h e r e  w i l l  be  diagrams i n  which t h e  series of 

l i n e s  corresponds t o  t h e  conjugate  f i e l d  components (Ks = -Ks+l, w O =-wo ) . 
Ks Ks+1  

We s h a l l  c a l l  t h e s e  l i n e s  coupled l i n e s .  The coupled l i n e s  i n  t h e  diagrams 

are c losed  i n  t h e  form of loops (see F igure  2) .  The propagators  on both  

s i d e s  of t h e  loop are t h e  same, which l eads  t o  t h e  appearance of m u l t i p l e  

po le s  wi th  r e spec t  t o  w i n  FK(n) (w ,v> .  

corresponding terms w i l l  be  secu la r ,  i .e . ,  they w i l l  b e  p ropor t iona l  t o  

t ry where r+l i s  t h e  m u l t i p l i c i t y  of t h e  po le  i n  t h e  Laplace representa-  

t ion .  

I n  t h e  t - r ep resen ta t ion ,  t h e  

By way of a t y p i c a l  example, l e t  us  examine t h e  term expressed by t h e  

diagram of the  second o rde r  i n  Figure 2,b. 

mation (2.16) f o r  t h e  f i e l d  EK (a,) and performing i n t e g r a t i o n  over us, 

w e  o b t a i n  f o r  i t  

Af te r  s u b s t i t u t i n g  t h e  approxi- 

S 

(2.17) 

This  express ion ,  which i s  one of the  con t r ibu t ions  t o  t h e  Four ie r  component 

of t h e  d i s t r i b u t i o n  func t ion  wi th  k = 0 ,  has  a second-order po le  f o r  w = 0;  

correspondingly,  i t  provides  a s ecu la r  term which i s  p ropor t iona l  t o  t i n  

t h e  t - r ep resen ta t ion .  S imi l a r ly ,  f o r  t h e  term expressed by t h e  th i rd-order  

diagram i n  F igure  2 , a  (which makes a c o n t r i b u t i o n  t o  t h e  k-component /520 

. of t h e  Four ie r  d i s t r i b u t i o n  func t ion)  w e  o b t a i n  

Expression (2.18) has  a second-order po le  f o r  w = WKO ( i n  t h e  t - r ep resen ta t ion ,  
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i t  i s  p ropor t iona l  t o  t exp (-iwKOt). 

It w a s  assumed above t h a t  (2.16) w a s  s u b s t i t u t e d ,  i n s t e a d  of %(w). 

I f  w e  s u b s t i t u t e  exac t  q ( u )  

WK = qo + i 
t h e  t - representa t ion .  

terms conta in ing  coupled % w i l l  not b e  s e c u l a r ,  bu t  w i l l  be  l a r g e  f o r  a 

o r  (2.16),  bu t  wi th  t h e  complex frequency 

, then s e c u l a r  terms w i l l  n o t  appear a f t e r  conversion t o  
YK 

However, i f  IEK(t) I slowly depends on t i m e ,  then 

s u f f i c i e n t l y  l a r g e  t ( 4 )  . 
Thus, f o r  s u f f i c i e n t l y  l a r g e  t i m e s  t h e  non l inea r  terms i n  t h e  equat ion  

f o r  t h e  f i e l d  (2.9) w i l l  n o t  only lead t o  s m a l l  c o r r e c t i o n s  t o  t h e  s o l u t i o n  

of t h e  corresponding l i n e a r i z e d  equat ion,  b u t  can a l s o  completely change 

t h e  s o l u t i o n .  I n  o rde r  t o  o b t a i n  the  c o r r e c t  asymptot ic  behavior  of t h e  

f i e l d  f o r  l a r g e  t ,  t h e  " large" terms ind ica t ed  above must be summed. Gen- 

e r a l l y  speaking, t h e  term of t h e  nth o rde r  (2.9) con ta ins  s e c u l a r  components 

which have a degree of s ecu la rness  ( i . e . ,  t h e  power of t which i s  contained 

i n  t h i s  component a f t e r  conversion t o  t h e  t - r ep resen ta t ion ) .  Te rms  having 

t h e  maximum degree of s ecu la rness  f o r  a given o rde r  n w i l l  be  c a l l e d  main 

terms. W e  s h a l l  conf ine  ourse lves  i n  t h i s  ar t ic le  t o  summing only t h e  

main s e c u l a r  terms [ terms having a s m a l l  degree of s ecu la rness  w e r e  i n v e s t i -  

ga t ed  i n  (Ref. lS)]. It can be  shown (Ref. 18) t h a t  t h e  main s e c u l a r  terms 

i n  t h e  r i g h t  p a r t  of equat ion  (2.9) are expressed by t h e  diagrams drawn i n  

(4)  I f  w e  s u b s t i t u t e  (2.16) wi th  complex uK, i n s t e a d  of EK(w), then  - as 

can be r e a d i l y  cor robora ted  - w e  w i l l  have ( W ; / Y ~ ) ~  >> 1 i n s t e a d  of 

t h e  s e c u l a r  f a c t o r  t r y  so  t h a t  t h e  corresponding terms must be  assumed 
t o  be  l a r g e ,  as w a s  done previously.  The main d i f f e r e n c e  between t h e  
r e s u l t s  of our s tudy  and the r e s u l t s  ob ta ined  by Montgomery (Ref. 1 7 )  
l i es  i n  t h e  f a c t  t h a t  t h e  ind ica ted  l a r g e  terms are n o t  summed i n  t h e  
p e r t u r b a t i o n  theory  developed i n  (Ref. 1 7 ) .  
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i 

I Figure 2,a.  L e t  us des igna te  t h e  sum of t h e  diagrams i n  F igure  2 ,a  by 

@K(w,v). 

by t h e  func t ion  Q(w,v) which represents  t h e  sum of a l l  t h e  diagrams shown 

It can be r e a d i l y  shown t h a t  t h i s  quan t i ty  is  simply expressed 

i n  Figure 2,b,  namely, 

d V  
(2.19) 

With allowance f o r  only t h e  main s e c u l a r  terms, equat ion  (2.9) assumes 

only t h e  fol lowing form 
kEk(o)=4neN ----dv-4nieNI gk(v) Q k ( o , v ) d v =  

- kv 

Thus w e  o b t a i n  t h e  main equat ion  f o r  t h e  f i e l d  i n  t h e  form 

(2.21) 

(2.22) 

Equation (2.21) d i f f e r s  from t h e  l i n e a r  equat ion  f o r  t h e  f i e l d  i n  t h e  /521 

f a c t  t h a t ,  i n s t e a d  of t h e  d i e l e c t r i c  c o e f f i c i e n t  EK(W), i t  conta ins  t h e  

i n t e g r a l  ope ra to r  wi th  the  series E ~ ( w , w ’ )  which i s  expressed by t h e  func t ion  

@(w,v). 

func t ion  ( t h e  f i r s t  component i n  Figure 2,b) - i .e . ,  i f  w e  set @(w,v) = 

i f ( v ) / w  - then  (2.21) changes i n t o  t h e  l i n e a r  equat ion  f o r  t h e  f i e l d .  

I f  w e  r ep lace  @(w,v) by the zero  approximation of t h e  d i s t r i b u t i o n  

I n  o rde r  t o  o b t a i n  t h e  t o t a l  system of equat ions  desc r ib ing  t h e  develop- 

ment of t h e  o s c i l l a t i o n s ,  w e  must o b t a i n  t h e  equat ion  f o r  t h e  func t ion  

cP(w,v). 

t i a l  pu l sa t ions .  

This  q u a n t i t y  represents a d i s t r i b u t i o n  func t ion  averagedover spa- 

From t h i s  p o i n t  on, w e  s h a l l  c a l l  it t h e  d i s t r i b u t i o n  

f u m t i o n  of t h e  hickground. 

F igu re  2,b t h a t  @(w,v) s a t i s f i e s  the equat ion  

It follcws from t h e  form of t h e  diagrams i n  
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-io@((O,v) = f ( v ) +  
+ $ Z \ E - q ( o ) -  , a E, (0") a @ ( o - ~ ' - ~ " ,  V) -- do' do" (2.23) 

av 0-qv-o'  aV 2n 2n 
q 

which is  an analog of t h e  Dyson equat ion i n  t h e  quantum f i e l d  theory.  

W e  s h a l l  ca l l  equat ions (2.21) and (2.23) gene ra l i zed  q u a s i l i n e a r i z e d  

equat ions.  ( 5 )  Under c e r t a i n  a d d i t i o n a l  assumptions,  they  change t o  t h e  

well-known equat ions  of t h e  q u a s i l i n e a r  theory  f o r  a weakly tu rbu len t  

plasma (Ref. 14,  15) .  A s  w i l l  b e  seen la ter  on, t h e  condi t ions  under 

which t h i s  occurs  s t i p u l a t e  t h a t  t h e  width of t h e  plasma o s c i l l a t i o n  spec- 

trum must be  l a r g e  enough. I n  another  l i m i t i n g  case, when t h e  spectrum is  

very narrow - f o r  example, when "a monochromatic" (more accu ra t e ly ,  a 

p e r i o d i c )  wave i s  exc i t ed  i n  a plasma - equat ion  (2.23) has  completely 

d i f f e r e n t  p r o p e r t i e s  and s o l u t i o n s ,  wh i l e  r e t a i n i n g  t h e  same meaning as 

f o r  a weakly tu rbu len t  plasma (with allowance f o r  t h e  reverse e f f e c t  of 

t h e  wave on t h e  d i s t r i b u t i o n  func t ion) .  

L e t  us now examine i n  g r e a t e r  d e t a i l  t h e  manner i n  which equat ion  

(2.23) changes i n t o  a q u a s i l i n e a r  equat ion f o r  a weakly t u r b u l e n t  plasma. 

L e t  us f i r s t  s u b s t i t u t e  E (w) i n  the r i g h t  p a r t  i n  t h e  form of (2.16) 

( t h i s  means t h a t  w e  have disregarded t h e  dependence of t h e  f i e l d  amplitude 

IEq( t )  I = Eqo on time) , and l e t  us perform i n t e g r a t i o n  over  w '  and w". A s  

a r e s u l t ,  w e  o b t a i n  

9 

( 5 )  We must p o i n t  out  t h a t  i n  summing t h e  diagrams l ead ing  t o  equat ions  
(2 .2 i )  and (2.23),  w e  d i d  not exploy a p p r e x i ~ a t i c n  (2.16) f o r  t h e  
f i e l d .  W e  only needed t h e  l a t t e r  i n  o rde r  t o  c l a r i f y  " large" terms. 
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I 

1' 

The reg ion  of t h e  w values ,  where @(w,v) i s  l a r g e ,  is  r e l a t e d  t o  t h e  charac- 

t e r i s t ic  t i m e  T requi red  by the  func t ion  4 ( t , v )  t o  change by t h e  r e l a t i o n -  

s h i p  Iw[-~-l. L e t  us assume t h a t  the fol lowing condi t ion  is  f u l f i l l e d  

(2 .25 )  

where averaging is c a r r i e d  out  over q. We can then  d i s r ega rd  w i n  t h e  de- 

nominator of t h e  r i g h t  p a r t  of (2 .24 ) .  However, w e  must set w + i O  because IJ 

w l ies i n  t h e  upper ha l fp l ane .  A f t e r  t h i s ,  w e  can immediately change t o  

, 
t h e  t - r ep resen ta t ion  i n  equat ion  ( 2 . 2 4 ) ,  and w e  ob ta in  t h e  q u a s i l i n e a r  

equat ion  f o r  a weakly tu rbu len t  plasma: 
. -  . 

L e t  u s  c l a r i f y  t h e  meaning of t h e  cond i t ion  ( 2 . 2 5 ) .  Since t h e  r i g h t  

p a r t  of (2 .25 )  w i l l  be  minimal when v l ies  i n  t h e  resonance reg ion  of / 522  

v e l o c i t i e s ,  w e  can set v - wq/q. 

t h e  case of Langmuir opera t ions  f o r  which wq - 00, 
v = wo/qo, where qo i s  t h e  m e a n  wave number, i n s t e a d  of (2 .25 )  w e  o b t a i n  

For purposes of s i m p l i c i t y ,  examining 

and assuming t h a t  

Z' << ooAq / qo (2 .27 )  

(Aq i s  t h e  width of t h e  wave packet) .  The quan t i ty  T r e p r e s e n t s  t h e  charac- 

t e r i s t i c  r e l a x a t i o n  t i m e  of t he  d i s t r i b u t i o n  func t ion  i n  t h e  resonance 

r eg ion  of v e l o c i t i e s ,  and i s  determined by t h e  condi t ion  

z - D /  ( A V ) ~ ,  D-e2q%z/m2Aqv, A v = A ( o , / q ) - 0 0 A q / q 2 ,  (2 .28 )  

where D i s  t h e  q u a s i l i n e a r  d i f f u s i e n  c o e f f i c i e n t  i n  v e l o c i t y  space,  and 

I$ is  t h e  mean e lectr ic  f i e l d  p o t e n t i a l  of t h e  wave: 

12 



Id2 = \I'Ps(ldq-lvq.I"Brl. 

S u b s t i t u t i n g  (2.28) i n  (2.27),  w e  f ind  t h a t  t h e  condi t ion  under which 

equat ion  (2.24) changes i n t o  a q u a s i l i n e a r  equat ion  has  t h e  form 

Av = A btl/ Q) > (ecp / m) I'l, (2.29) 

which co inc ides  wi th  the  a p p l i c a b i l i t y  condi t ion  of t h e  q u a s i l i n e a r  equa- 

t i o n  obta ined  by Vedenov (Ref. 14 )  from o t h e r  cons idera t ions .  

The phys ica l  meaning of (2.29) is t h a t  t h e  scat ter  width of t h e  wave 

phase v e l o c i t i e s  considerably exceedsthe p a r t i c l e  o s c i l l a t i o n  v e l o c i t y  i n  

t h e  p o t e n t i a l  w e l l  of t h e  wave f i e l d  wi th  t h e  amplitude 0. 

hand, (2.29) can be regarded as the plasma turbulence  c r i t e r i o n .  Equa- 

On t h e  o t h e r  

t i o n  (2.26) does no t  con ta in  terms which desc r ibe  t h e  "ad iaba t ic"  change 

of t h e  d i s t r i b u t i o n  func t ions  i n  the nonresonance reg ion .  I n  o rde r  t o  

o b t a i n  t h e s e  terms, l e t  us  t u r n  t o  t h e  i n t e g r a l  i n  t h e  r i g h t  p a r t  of 

(2 .23) ,  and l e t  us  determine t h e  e f f e c t s  of a weak change i n  t h e  f i e l d  

amplitude.  Since E (w) becomes p a r t i c u l a r l y  l a r g e  f o r  w = w O ,  t h e  re- 

g ions  where w" - wqo, w '  - w-q = -wqo make t h e  main c o n t r i b u t i o n  t o  t h e  

i n t e g r a l  i n  (2.23). Therefore ,  l e t  us r ep resen t  t h e  denominator of t he  

Q 9 

i n t eg rand  i n  t h e  form w-w'-wqo+wqo-qv, and l e t  us expand (w -qv -w ' )  i n  power 

series of w-w'-w l i m i t i n g  ourselves  t o  t h e  two expansion terms: Q 
0 - 0' - mg" 

( O q O  - qv + io)% * 
- 1 

N N 

1 
0 - qv - 0' oq0 - qv + io (2.30) 

S u b s t i t u t i n g  t h i s  express ion  i n  (2.23) and employing t h e  convolut ion 

r e l a t i o n s h i p  [ s e e  foo tno te  ( 3 ) ] ,  w e  o b t a i n  t h e  fol lowing i n  t h e  t-represen- 

t a t i o n  

1 3  



where t h e  p r i n c i p a l  va lue  of t h e  second i n t e g r a l  is  chosen. 

d i s r ega rd  t h e  term wi th  a @ / a t  i n  the r i g h t  p a r t .  

f u l l y  co inc ide  wi th  t h e  q u a s i l i n e a r  equat ion  which al lows f o r  a d i a b a t i c  

change of t h e  d i s t r i b u t i o n  func t ion  i n  t h e  non-resonance region.  /523 

a p p l i c a b i l i t y  condi t ions  of t h i s  equation are determined, j u s t  as p rev ious ly ,  

by r e l a t i o n s h i p  (2.23) . 

W e  can apparent ly  

Af t e r  t h i s ,  (2.31) w i l l  

The 

I n  a similar way, w e  can show [ f o r  g r e a t e r  d e t a i l s ,  see (Ref. 1 9 ) ,  

pages 14, 151 t h a t  t h e  equat ion for  t h e  f i e l d  (2.21) changes i n t o  t h e  equa- 

t i o n  of t h e  q u a s i l i n e a r  theory f o r  a weakly tu rbu len t  plasma when cond i t ion  

(2.29) i s  f u l f i l l e d :  

(2.32) 

(2.33) 

where UKO i s  t h e  real  p a r t  of t h e  frequency i n  t h e  l i n e a r  approximation. 

3. QUASILINEAR THEORY OF A "MONOCHROMATIC!' WAVE 

I n  t h i s  s e c t i o n ,  w e  s h a l l  examine i n  d e t a i l  t h e  use of genera l ized  

q u a s i l i n e a r  equat ions  (2.21) and (2.23) i n  s tudying t h e  development of a 

non l inea r  "monochromatic" wave. The sum i n  (2.23) now p e r t a i n s  t o  t h e  d is -  

crete s e l e c t i o n  of t h e  wave vec tors  q = nK, n = * 1 , 2 , . . . .  where 2 r /k  is  t h e  

wavelength.  

o r d e r  of smal lness ,  as compared with t h e  amplitude of t h e  f i r s t  harmonics, 

The amplitudes of the m u l t i p l e  harmonics w i l l  be of a h ighe r  

14 
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so t h a t  they can be disregarded.  

wave amplitude on t ime(6)  i n  equat ion (2.23) , w e  arrive a t  

i n  which t h e  sum c o n s i s t s  of two components corresponding t o  q = *K. 

ducing t h e  fol lowing n o t a t i o n  which i s  more s u i t a b l e  f o r  t h i s  case, 

Also d is regard ing  t h e  dependence of t h e  

equat ion  (2.24) , 

In t ro -  

(3.1) a2 = 2'/&?EkO/ m,  u = v - / k ,  5 = k u /  a 

( a  is  on t h e  o rde r  of t h e  i s o l a t i o n  frequency of p a r t i c l e s  t rapped by t h e  

p o t e n t i a l  w e l l  of t h e  wave; correspondingly,  a/k i s  on t h e  o rde r  of t h e  

t rapped p a r t i c l e  v e l o c i t y ) ,  w e  ob ta in  t h e  p r i n c i p a l  equat ion  i n  t h e  f o l -  

h w i n g  form 
d 

az 0 2  - a222 dz 
-CD(o, z). i d 1  

CD(0, 5) = - f ( z ) -  a2- 
0 

I n  o rde r  t o  so lve  t h i s  equat ion ,  l e t  us i n t roduce  t h e  func t ion  
a2 d 

0 2  - uz52 a5 W ( 0 ,  z) = - CD (0;z). (3.3) 

D i f f e r e n t i a t i n g  both p a r t s  of equat ion (3.2) w i th  r e spec t  t o  x and s u b s t i -  

t u t i n g  (3.3) , w e  o b t a i n  

i df 
0 r l r  

-Y(w, z)+ Y(0, z)=--. 
a2  

d X 2  
(3.4) 

The s o l u t i o n  of equat ion  (3.4) can b e  represented  i n  t h e  form of an expan- 

s i o n  wi th  r e spec t  t o  normalized pa rabo l i c  cy l inde r  func t ions  I )~ (x ) :  
Lp 

qn (5) = (2nnI n'h) -'h e-x'/2 Hn (z), ,I *n2(5) dz = 1, 
-03 

where q ( x )  are Hermite polynomials. The I),(x) func t ions  s a t i s f y  t h e  equa- 

t ion  

(4 + ( 2n + j - 5 2 )  $n (z) = 0. (3.5) dx2 

/524 Assuming t h a t  - 

(6) A s  w i l l  be  shown below, t h i s  i s  v a l i d  when condi t ion  (3.28) is  f u l -  
f i l l e d .  
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from (3 .3 )  and (3 .4 )  w e  o b t a i n  

a c o ( 0 , Z )  - 0 2 -  a2x2 - - i -_ 
( " n  

ax 

i d f  2n + 1 - 22 
b n h  ( X I  0 dx 0 02- (2n+  l)a2 

r 

- ---+2?2 
Changing t o  t h e  t - r ep resen ta t ion ,  we o b t a i n  

(3 .7 )  

I n  order  t o  c a l c u l a t e  t h e  d i s t r i b u t i o n  func t ion  Q ( t , x ) ,  l e t  us r ep lace  

(x2-2n-l)$,(x) i n  ( 3 . 8 )  by d2$,(x)/dx2, a f t e r  which elementary i n t e g r a t i o n  

i s  performed. Returning t o  t h e  v a r i a b l e  u,  according t o  (3 .1)  w e  o b t a i n  

It can be  seen from ( 3 . 9 )  t h a t  cP(t,u) d i f f e r s  very l i t t l e  from i t s  i n i t i a l  

v a l u e  f ( u )  f o r  t << a-1 - (keE,/m)-l/2, where ED is  t h e  wave amplitude. 

t h e  case of t > a - l ,  t h e  second term i n  (3.9)oScillates 

In 

with  a change i n  t ,  

and i t  r a p i d l y  decreases  i n  t h e  case of 

u = li - O h  / k >  a /  k - ( eEo /  km)1/2,  

i . e . ,  t h e  q u a s i l i n e a r  d i s t r i b u t i o n  func t ion  i s  deformed only c l o s e  t o  t h e  

resonance v e l o c i t y  v = wk/k i n  the v e l o c i t y  i n t e r v a l  on t h e  o rde r  of t h e  

o s c i l l a t i o n  v e l o c i t y  of p a r t i c l e s  "trapped" by a wave. The o s c i l l a t i o n  

frequency of t he  d i s t r i b u t i o n  func t ion  c lose  t o  phase v e l o c i t y ,  as can be 

seen from ( 3 . 9 1 ,  i s  on the o rde r  of s, vhich co inc ides  wi th  t h e  p a r t i c l e  

o s c i l l a t i o n  frequency i n  the  p o t e n t i a l  w e l l  of a wave. 

Now s u b s t i t u t i n g  (3 .7)  i n  (2.22) f o r  Ek(W,W'), w e  ob ta in  

16 



.( 2n + 1) a2 - kZU2 (3.10) 
Bn I d "  U - w h - k U  a 

U t i l i z i n g  (3.10) and (2.21) and performing elementary t ransformat ions ,  w e  

o b t a i n  

(2n + 1) a2 - k2U2 dO'Eh (0') I 

where &k(W) is determined by formula (2 .11) .  

(3.11) by i(w-*) [wk - t h e  o s c i l l a t i o n  frequency i n  t h e  l i n e a r  approxima- 

Mul t ip ly ing  both  p a r t s  of 

t i o n ,  see (2.14)] and changing t o  the  t - r ep resen ta t ion ,  w e  o b t a i n  

t (3.12) 
X [(2n + l)a2 - k W ] {  d t ' ( l -  cosut')/2n + 1) X 

x Ek(t ' )exp[ i (ku+ O h )  ( t ' -  t ) ] .  

I 
0 

I n  obta in ing  (3.12) ,  w e  have d is regarded  a l l  of t h e  p r o p e r t i e s  of t h e  

r i g h t  p a r t  of (3.11),  which a r e  loca ted  below t h e  p o i n t  wk, s i n c e  they /525 

make an exponent ia l ly  s m a l l  con t r ibu t ion  i n  t h e  case of r a t h e r  l a r g e  t. 

a d d i t i o n ,  w e  have omit ted t h e  term Idvgk(v)e-ikvt, which r a p i d l y  decreases  

w i t h  an inc rease  i n  t ,  due t o  t5e f a c t o r  e -ikvt which o s c i l l a t e s  f o r  l a r g e  t .  

I n  

The c h a r a c t e r i s t i c  t i m e  of t h i s  decrease i s  (kvg)", where vg i s  t h e  e f f ec -  

t ive  "width" of t h e  func t ion  gk(v).  

s m a l l  as compared wi th  o t h e r  c h a r a c t e r i s t i c  t i m e s  which determine t h e  change 

We have assumed t h a t  t h i s  t i m e  i s  

i n  t h e  f i e l d  amplitude.  U t i l i z i n g  (3.5) and t h e  fol lowing r e l a t i o n s h i p  

[ s e e  (R'ef. 20)]  
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(3.13) 

-W 

We can perform i n t e g r a t i o n  with respect t o  u i n  t h e  second term of t h e  r i g h t  

p a r t  of (3.12). A s  a r e s u l t ,  w e  ob ta in  

(3.14) 

x gn[a ( t ’  - t ) ]  ( I  - COS at’12n + ~ ) E k ( t ’ )  exp [ i m k ( t ’  - t ) ] .  (3.14) 

The in tegrand  i n  (3.14) contains  t h e  product of t h e  fol lowing expres- 

s ion ,  which changes r a p i d l y  w i t h  a change i n  t ’ ,  

$ T I  [ a  (t’ - t )  1 (1 - cos at’l/2n + 1 )  

(&e c h a r a c t e r i s t i c  t i m e  f o r  t h e  change i s  T 4 a-l) by t h e  q u a n t i t y  

E k ( t ’ )  exp ( iwkt ’ ) ,  which equals  t h e  slowly-changing f i e l d  amplitude 

E k o ( t ’ ) .  

E k o ( t ’ )  ou t  from under t h e  i n t e g r a l  s ign .  

’L 

Disregarding t h e  change Eko( t ’ )  during t h e  t i m e  a- ’ ,  w e  can t a k e  

Performing simple transforma- 

t i o n s  a f t e r  t h i s ,  w e  o b t a i n  

(3.15) 

at 

I n t e g r a t i n g  t h e  equat ion,  w e  w i l l  have 

(3.17) 

1526 It can b e  seen from (3.17) t h a t  t- iHe‘)&’eh(t/)  r e p r e s e n t s  a change - 
0 

t I 

i n  t h e  increment,  and t-’ IIU dt’%(t’)i r e p r e s e n t s  t h e  real p a r t  of t h e  
@ 

frequency caused by a d i s t o r t i o n  of t h e  d i s t r i b u t i o n  funct inr .  h e  t o  t h e  

reverse e f f e c t  of a wave. A f t e r  studying (3.16),  one can r e a d i l y  s ta te  
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t h a t  i t  converges f a i r l y  r ap id ly ,  s o  t h a t  t h e  o rde r  of magnit 

does no t  exceed t h e  o rde r  of t h e  f i r s t  term i n  t h e  series. Ca lcu la t ing  

t h e  quan t i ty  Bn from (3.6) under the assumption t h a t  f ( v )  i s  t h e  Maxwell 

d i s t r i b u t i o n ,  w e  r e a d i l y  f i n d  t h a t  

I f  

t-i ‘j ek (t ‘ )  dt’ < Yk, (3.18) 
0 

where yk i s  t h e  l i n e a r  theory increment. Since yk << q 0 ,  t h e  non l inea r  

c o r r e c t i o n  t o  t h e  real p a r t  of t h e  frequency can be  d is regarded .  On t h e  

o t h e r  hand, t h e  c o r r e c t i o n  t o  the l i n e a r  increment i s  very cons iderable .  

Therefore ,  l e t  us  examine t h e  following q u a n t i t y  i n  g r e a t e r  d e t a i l  
t 

r k  ( t )  = yk + t+ Re 5 ek ( t ’ )  dt’, (3.19) 
0 

which r ep resen t s  an increment which i s  dependent on t i m e .  

L e t  us f i r s t  s tudy  r k ( t )  f o r  small t ( a t  << 1 ) .  W e  s h a l l  make use  of 

t h e  f a c t  t h a t ,  f o r  r a t h e r  s m a l l  arguments and l a r g e  o r d e r s ,  t h e  func t ions  

of a pa rabo l i c  c y l i n d e r  have t h e  following asymptot ic  r e p r e s e n t a t i o n  

and i t  can thus  be  seen t h a t  f o r  a t  << 1 t h e  d i f f e r e n c e  between r k ( t )  and 

t h e  l i n e a r  increment is  a s m a l l  quan t i ty  on t h e  o rde r  of (at)7’2. 

should no te  t h a t  f o r  a t  - 1 t h e  l e f t  p a r t  of (3.21) decreases  r a p i d l y  wi th  

an increase i n  n ,  due t o  which f a c t  w e  can conf ine  ourse lves  t o  a few of 

t h e  f i r s t  terms i n  t h e  series i n  express ion  (3.19) f o r  r,(t> i n  t h e  case 

of t - a^’. 

W e  

Since t h e s e  terms are on t h e  o rde r  of t h e  l i n e a r  increment 
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yk, r k ( t )  d i f k e r s  s i g n i f i c a n t l y  from yk i n  t h e  case of 

t - ri - (keEk'J/ rn) '12. 

L e t  us  now study r k ( t )  f o r  t > z a - l .  L e t  us  rewrite formula (3.19) i n  

t h e  fol lowing form 

/527 

U t i l i z i n g  (3.13) and ( 3 . 6 ) ,  w e  can rewrite the  f i r s t  term i n  t h e  braces  i n  

t h e  following way: 

(3.23) 

The s u b s t i t u t i o n  of (3.23) i n  (3.22) leads  t o  exact compensation f o r  t h e  

f i r s t  term yk i n  (3.22). We can represent  t h e  second sum i n  t h e  braces  

(3.22) i n  t h e  following form 

df 
t' 4 du 

r o w  

= Q (2n) -'I* 1 dtN S du - cos ( k u t N ) .  

This  expression vanishes  f o r  t + 00 ( tak ing  t h e  f a c t  i n t o  account t h a t  

u = v-wk/k, and f ( v )  % exp(-v2/-dT2), a ~ l d  i t  can b e  r e a d i l y  seen  t h a t  t h e  

term (3.24) r a p i d l y  begins  t o  decrease f o r  t > (kvT)-'. 

l a r g e  t ,  t h e  q u a n t i t y  r k ( t )  assumes t h e  following form 

Thus, f o r  r a t h e r  
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(3.25) 

Thus, t h e  non l inea r  increment r k ( t ) ,  f o r  t i m e s  which are s m a l l  are 

compared wi th  t h e  p a r t i c l e  o s c i l l a t i o n  per iod  i n  t h e  p o t e n t i a l  w e l l  of t h e  

wave (a t  << l), i s  c l o s e  t o  t h e  l i n e a r  increment yk. 

quan t i ty  r k ( t )  , o s c i l l a t i n g ,  a t t e n u a t e s  as t-1. 

tude ,  determined by t h e  expression 

For l a r g e  t ,  t h e  

However, t h e  wave ampli- 

E k o ( t )  = E k o ( 0 )  exp [ t r h ( t ) ] ,  (3.26) 

does no t  s t r ive  t o  a s t a t i o n a r y  va lue  i n  t h e  case of t - + m y  s i n c e  o s c i l l a -  

t i o n s  of t h e  quan t i ty  t rk( t )  are not a t t enua ted .  

t h e  c h a r a c t e r i s t i c  pe r iod  of t h e s e  o s c i l l a t i o n s  i s  a-' - t h e  p a r t i c l e  

I n  o rde r  of magnitude, 

o s c i l l a t i o n  per iod  i n  t h e  p o t e n t i a l  w e l l  of a wave. The o s c i l l a t i o n  ampli- 

tude  of t h e  quan t i ty  t r k ( t )  i s  on t h e  o rde r  of 

(3.27) 

It w a s  cons t an t ly  assumed above t h a t  t h e  f i e l d  amplitude changes very  

l i t t l e  during t h e  t i m e  of t h e  wave non l inea r  development. It fol lows from 

(3.26) and (3.27) t h a t  t h i s  ho lds  under t h e  condi t ion  t h a t  

y k  1 a< 1. (3.28) 

Under t h i s  cond i t ion ,  t h e  exponent i n  (3.26) can be  expanded i n  series, /528 

and t h e  average wave amplitude i s  

(3.29) 

I n  conclusion,  t h e  au thors  would l i k e  t o  thank R. Z .  Sagdeyev f o r  h i s  

s t i m u l a t i n g  d i scuss ions ,  as w e l l  as A. A.  Vedenov, B. B. Kadomtsev,and 

L. P. P i tayevskiy  f o r  t h e i r  va luable  d i scuss ion  of t h e  r e s u l t s .  
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